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Prediction of Flutter Onset Speed Based on
Flight Testing at Subcritical Speeds

NORMAN H. ZIMMERMAN* AND JASON T. WEISSENBURGER!
McDonnell Aircraft Corporation, St. Louis, Mo.

The commonly employed damping vs velocity technique of flight flutter testing is known
to have a number of shortcomings which adversely affect the reliability and safety of such
testing. The damping measurements in themselves give little useful information beyond
stating whether or not flutter was encountered at the test speeds flown; magnitude of the
damping has all too frequently been a grossly misleading indication of flutter stability mar-
gin. A new technique of flight flutter testing is presented herein based on the use of a flutter
stability parameter truly indicative of the state of flutter stability within the system. This
flutter stability parameter is based on measured frequency and decay data taken during flight
and clearly shows the erosion of flutter margin with increasing speed. Using this informa-
tion, together with a flutter prediction technique also presented herein, it is possible to predict
the behavior of the flutter margin at speeds not yet flown and to predict the speed of flutter
onset. The analytical considerations leading to the technique are developed, followed by
experimental evidence substantiating this approach.

Nomenclature

d\, 2 , 3 — coefficients arising in equation for lift forces, Eq. (A3)
AQ, i, 2 , 3 = coefficients of characteristic equation
61, 2 , 3 = coefficients arising in equation for aerodynamic

moment, Eq. (A3)
BQ, i, 2 — coefficients in prediction equation
CLO. = lift curve slope
/ = flutter (subscript)
F = flutter margin
h = translational displacement of center of gravity, Fig. 3
Ic — moment of inertia of airfoil about center of gravity
ka — torsion spring constant
kh = bending spring constant
L = aerodynamic lift
m = mass of airfoil
Mc = aerodynamic moment referred to center of gravity
P = operator, d/dt
q = dynamic pressure = |pF2

s = complex root of characteristic equation
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V = velocity (airspeed)
x = distance of center of gravity aft of elastic axis
a = torsional displacement of airfoil
/? = real part of solution of characteristic equation i.e.,

negative of decay rate
co = imaginary part of solution of characteristic equation,

i.e., frequency

Introduction

Background

THOSE who have been involved in flight flutter test pro-
grams are well aware of its hazardous nature and the

difficulties of obtaining meaningful data. The damping vs
velocity technique that is commonly employed presents
definite hazards, such as the decision to proceed to higher
speeds based on extrapolating the data obtained up to the
last test speed. Uncertainties connected with the technique
of extrapolation are further compounded by scatter in the
measured damping data upon which the extrapolation is
based, even if due care is exercised. Extreme dangers are
particularly inherent for configurations prone to sudden and
violent flutter, i.e., abrupt damping degradation with no
prior warning.

These observations are shown more dramatically in Fig. 1
where velocity-damping trends are shown for three different
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configurations: one prone to mild flutter, one prone to moder-
ate flutter, and one prone to explosive (sudden and violent)
flutter. In all these cases, damping initially increases until
some speed Va is reached; above this speed, damping de-
creases until flutter occurs. In the case of mild flutter, damp-
ing degradation above Va is gradual, and (with good meas-
ured data) the trend toward impending flutter would prob-
ably be apparent in flight testing. On the other hand, for
explosive flutter, damping degradation above Va is abrupt
with hardly any prior warning, just the opposite of that which
would be desirable.

The logic behind the extensive use of the velocity-damping
technique probably stems from the very basic notion that
the system is stable when damping is positive and unstable
when damping is negative; therefore, why not monitor the
damping during flight testing for indications of an approach-
ing flutter? The potential dangers in this approach have
already been shown, and experienced engineers in this field
are well aware of them. Thus the real problem here is to
find other practical flight test techniques which avoid the
deficiencies of the velocity-damping technique.

New Slant on the Problem

In seeking a more meaningful and safer flight flutter test
approach, it occurred to the authors that possibly the damp-
ing of in-flight vibrations is only a remote surface indication
of something more fundamentally indicative of the stability
processes going on within the system itself. Following
up on this notion led to the stability criteria and technique
presented in this paper. A brief description of this approach
follows; it is covered more fully in subsequent sections.

A flutter stability parameter is defined which is indicative
of the state of stability existing within the system for the
corresponding airspeed. At any given airspeed it can be
evaluated using only measured in-flight frequencies and
decay rates. A plot of the variation of flutter stability
parameter vs dynamic pressure is shown in Fig. 2 for a hypo-
thetical but typical case. The circles would represent the

a) MILD FLUTTER

FLUTTER
ONSET

FROM GROUND VIBRATION TESTS

O- FLUTTER PARAMETER CALCULATED FROM
MEASURED FREQUENCIES AND DAMPING

LAST TEST POINT

EXTENSION BASED ON PREDICTION EQUATION

-PREDICTED
FLUTTER ONSET

Fig. 1 Damping as an indication of flutter.

DYNAMIC PRESSURE

Fig. 2 Typical plot of stability parameter vs dynamic
pressure.

flutter stability parameter computed from measured fre-
quency and decay data at the corresponding speeds. This
curve behaves in a civilized manner and is not prone to sudden
or unexpected reversals, such as would be the case if damping
alone were plotted. This is so, even for configurations prone
to explosive flutter. The ordinate at any airspeed is a meas-
ure of the flutter stability remaining in the system and
might more appropriately be thought of as the "flutter mar-
gin" for that speed. The smooth and continuous degradation
of flutter margin with increasing speed is clearly evident.
Moreover, disregarding effects usually of secondary influ-
ence, this curve will be shown to be a parabola whose co-
efficients can be evaluated from flight data taken up to the
last test speed. This allows analytical extension of the curve
beyond the last test point (shown dashed) and prediction of
the flutter onset speed. In addition, the slope with which
the extended curve crosses the abscissa is an indication of the
predicted severity of the flutter. And, finally, this tech-
nique is particularly effective in providing early and unmis-
takable indications of the approach to an explosive flutter.

The technique presented in this paper is straightforward
and simple to apply, requiring only data which might nor-
mally be obtained in flight flutter testing, i.e., frequencies
and dampings. No knowledge of configuration details is
necessary.

Scope of Paper

The authors hopefully intend that this paper will serve the
following threefold purpose: 1) to present the salient con-
cepts and developments embodied in introducing a new tech-
nique for use in flight flutter testing, i.e., to set forth a basic
foundation upon which an entirely new and practical phi-
losophy of flight flutter testing can be built; 2) to show that
this basic foundation (which is developed in the main body
of the paper) can be used as is without further refinements for
practical flight flutter testing with good reliability over a
broad range of applicability; 3) to suggest some possible re-
finements to the basic approach for increasing its range of
applicability or degree of reliability. The content and
organization of this paper have been arranged with the in-
tent of achieving these objectives in a clear, concise, and
straightforward manner.

The main body of this paper covers the salient features
underlying the development and application of this new
philosophy for flight flutter testing. In the interest of clarity
here, the authors have taken the liberty of resorting to
"poetic license" in a sense. Specifically, detailed effects
normally of minor consequence have been purposely avoided
while concentrating attention on the primary flutter-pro-
ducing mechanism. (Refinements to the basic approach
accounting for omitted detailed effects are subsequently
covered in Appendix B, but limited experience to date indi-
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Fig. 3 Schematic of simple bending/torsion idealization.

cates that generally little is gained from these refinements.)
In addition to developing the technique and its application
for flight flutter testing, the main body also includes sup-
porting experimental evidence, since analytical justification
in itself is hardly sufficient to instill confidence in a new and
different approach. For those desiring to delve further into
details, Appendix A contains a detailed mathematical de-
velopment of the technique, Appendix B discusses refine-
ments that can be incorporated, and Appendix C intro-
duces a very simple approximate technique that can be
used for rapid, on-the-spot monitoring of flight flutter test
programs.

The basic concepts and analytical development presented
herein are based on a two-degree-of-freedom analysis. In a
rigorous sense, then, it would appear that the technique
would be of little practical value for the multi-degree-of-
freedom systems encountered in practice. However, most
cases of flutter, even for multi-degree-of-freedom systems,
occur as a result of the interaction between only the two pre-
dominant system degrees-of-freedom. A more forceful argu-
ment emphasizing the practical value of the two-degree-of-
freedom analysis lies in the good agreement with experi-
mental results on practical multi-degree-of-freedom con-
figurations. Extension of the technique to broaden its scope
of applicability to configurations sometimes encountered
which flutter as a result of interactions between more than
two-degrees-of-freedom is possible, but this is outside the
intended scope of the present paper.

Finally, in developing the theoretical foundation for the
criteria and technique, concepts of common engineering
familiarity are purposely employed so that engineers not
necessarily specializing in flutter will find the development
straightforward.

Development of the Technique

General

Only the highlights in the analytical development are
covered here to avoid loss of continuity which might other-
wise result from preoccupation with too many details. The
analytical development covered here is based on a two-degree-
of-freedom analysis. To enhance retention of physical
significance in the development, the familiar bending/torsion
idealization is employed; for the purpose at hand, a general-

k h (h-x a )

Fig. 4 Free body diagram for bending/torsion idealiza-
tion.

ized two-degree-of-freedom idealization would yield the same
results as can readily be verified.

Equations of Motion

The idealization is shown schematically in Fig. 3, and the
corresponding free body diagram is shown in Fig. 4. In
essence, the system possesses a translational inertia repre-
sented by m and a rotational inertia represented by 7C, and
is subject to a translational elastic restraint kh and a rota-
tional elastic restraint ka about the elastic axis. The aero-
dynamic forces acting on the system are referred to the center
of gravity and consist of the lift force L and pitching moment
Mc. All of the foregoing quantities represent spanwise
weighted averages.

Summing the forces (positive down) and torques about
the center of gravity (positive leading edge up), we have

mh = —kh(h — xa) — L

ICOL = —kaa + kh(h — xa)x + Mc
(1)

The aerodynamic force and moment (referred to the center
of gravity) are proportional in an over-all sense to the dy-
namic pressure q. These are further proportional to the angle
of attack a, the plunging velocity A, and the pitching ve-
locity a. The aerodynamics will, therefore, be represented
in the form

a, ? J J

AT. = CL

(2)

where the proportionality constants '01-63- reflect specific
configuration geometry. The lift curve slope CL(X has been
factored out along with the dynamic pressure for subsequent
convenience. Upon substituting Eqs. (2) into (1), there
results a set of simultaneous linear differential equations (in
the two unknowns a and h) with constant coefficients. The
solution to such a set is well known and can be represented
in the form

(3)

where ho and a0 are arbitrary integration constants and s
represents the eigenvalues determined by substituting Eqs.
(3) into the simultaneous differential equations. Upon
substitution, there results the quartic characteristic equation
ins,

= 0 (4)

The coefficients AQ-A3 are composites of the configuration
constants and the product Ci,aq, which reflects airspeed.
Thus the coefficients in the characteristic equation would be
expected to vary with airspeed.

Routh's Stability Criteria

In a rather direct manner, Routh's criteria for a system to
be stable requires that all the coefficients of the character-
istic equation be positive, and, furthermore, for the specific
case of a quartic equation, the following relation must exist
between the coefficients:

or in somewhat modified form,

(5)
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Now from physical considerations alone we know that the
system we are concerned with is stable at the lower speeds.
Thus, all the A's must be initially positive and the inequality
of Eq. (5) must be satisfied. Transition to an oscillatory
instability (flutter) results when the inequality is reversed.
In a physical sense then, for flutter testing we need only be
concerned with the inequality of Eq. (5) and define as a
flutter stability parameter the quantity

(6)

which must be positive for stability to exist; the more posi-
tive, the greater the degree of stability. It is seen that the
quantity F defined above is nothing more than a measure of
system stability as expressed in the Routh criteria and is thus
fundamentally indicative of the state of the stability processes
going on within the system itself, in contrast to the remote
surface indication embodied in the system damping. Since
the A's vary with airspeed, the value of F will also be ex-
pected to depend upon airspeed. Its numerical value at
any given speed may be thought of as the flutter stability
margin yet remaining in the system for that speed. For that
reason, we shall henceforth refer to F as the "flutter mar gin. "

Evaluation of Flutter Margin from Flight Data

Let the four roots of the characteristic equation, Eq. (4),
be designated by Si, s2, §3, and s4. These can be expressed in
the complex form

where the co's would represent the system frequencies and the
/3's would represent the negative of the system decay rates.
The characteristic equation may thus be rewritten in the
alternate form

(s — si)(s — s2)(s — s3)(s — s4) = 0

[s - (ft + icoL)][5 - (ft - zcoi)] X
[s - (ft + ico2)][s - (ft - uo2)] = 0

Expanding this out and comparing like coefficients with
Eq. (4), we can solve for the A's in terms of the fts and co's.
These in turn are introduced into Eq. (6), yielding for the
flutter margin,

F =

40A [Y^ +LV 2

[(FT!) (-LVft + ft/ \ (7)

It is then possible, using Eq. (7), to evaluate the flutter
margin corresponding to any selected airspeed simply by
measuring the in-flight frequencies coi and oo2 and decays ft
and ft for that airspeed using a flight resonance or other suit-
able technique. This would yield a set of data such as that
shown by the open circles in Fig. 5.

Flutter Prediction Equation

In the previous section, it was shown how the flutter margin
existing at any airspeed could be obtained from frequency
and decay data measured at the corresponding speed. In
other words, Eq. (7) allows one to observe the erosion of
flutter margin with increasing airspeed but only up to the
last test speed. It makes no commitment on what lies be-
yond. It is possible, however, to predict how the flutter
margin will behave at speeds not yet flown from analytical

-GROUND VIBRATION TEST

O - BASED ON MEASURED FREQUENCIES AND DECAYS

FLUTTER PREDICTION EQUATION

DYNAMIC PRESSURE PARAMETER - CLaq

Fig. 5 Application of flutter margin technique.

considerations of the flutter mechanism. As in the previous
section, we again use Eq. (6) which defines the flutter margin
in a general sense, but now we shall obtain the A's entering
therein from alternate considerations. If the steps leading
to the characteristic equation, Eq. (4) are carried out, it will
be seen that AQ through As are analytical functions of the
specific configuration constants and the product CLaq- Now
then, if these analytical expressions for AQ through A% are
introduced into Eq. (6), there results the alternate expression
for the flutter margin

F = (8)

where the configuration constants are embodied in the co-
efficients BQ, BI, and B<L. Equation (8) will be called the
"flutter prediction equation.77 Actually, it is not necessary
to know anything about the configuration details for evalua-
tion of the B's. A simpler and more powerful approach can
be employed for this, as is shown in the next section.

Flutter Prediction Technique

Referring again to Fig. 5, let it be assumed that flight test-
ing has progressed up to the speed corresponding to the last
test point shown and that the flutter margins indicated by
the open circles have been computed from the flight test
data using Eq. (7). Now the flutter prediction equation
indicates that the curve connecting these circles should be a
parabola expressible by Eq. (8). Hence, the coefficients
BQ, BI, and BI are evaluated to yield a parabola best fitting
the available data. (Data scatter and other influences dis-
cussed later may cause the curve to depart somewhat from
a precise parabola.) Having thus evaluated the B coefficients
using the prior flight test data, Eq. (8) can now be employed
to predict how the flutter margin will behave at the speeds
not yet flown. This is shown as the dashed extension of the
solid curve passing through the test points in Fig. 5. Pre-
dicted flutter onset occurs when the predicted flutter margin
diminishes to zero. The predicted severity of the flutter is
indicated by the slope of the curve at zero flutter margin.
The Role of CLa

The lift curve slope CLa was included along with the
dynamic pressure q in the product CLaq to allow for greater
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diversity in application of the technique. For example, if
flight testing encompasses the high subsonic as well as the
low subsonic region, then CLa will tend to increase with the
higher speeds. In spite of this variation in <7z,a, Eq. (8),
the flutter prediction equation, still requires that a parabolic
relationship exist between the flutter margin F and the
product Cz,ag. The advantages occurring from retaining
the parabolic form, regardless of variations in CLa, should be
apparent. A particularly convenient form of the flutter
prediction equation results if CLa can be considered a con-
stant. Equation (8) can then be written

F = (B2CLa*)q* + (B,CLa)q + £o
F = £2y + BSq + B0

Upon dropping the unnecessary primes, we have
F = Brf + Biq + Bo (8a)

where again B^ Bit and B0 are configuration constants.
Thus, with constant CLa> the flutter margin varies para-
bolically with q only. Equation (8a) is nearly correct except
for large variations of CLa.

One final clarifying remark appears appropriate in regard
to the role of Cz,a. In a rigorous sense, CLa should properly in-
clude the effects of oscillatory aerodynamics, as well as steady
flow aerodynamics. However, its inclusion has only a minor
effect on the results and might more appropriately be classi-
fied as a refinement to the basic technique presented herein.
At any rate, further discussion in regard to this is more ap-
propriately a subject for Appendix B on refinements.

Comparison with Experiment

Although the analytical considerations employed in de-
veloping the technique might seem to make good sense, a

300 •-

DAMPING AS INDICATOR OF FLUTTER

100 200
VELOCITY, FT./SEC.

"FLUTTER MARGIN" AS INDICATOR OF FLUTTER

100 200
VELOCITY, FT. /SEC.

Fig. 6 T-tail flutter model: measured frequency and
decay data.

100 200 300
VELOCITY, FT./SEC.

Fig. 7 T-tail flutter model: flutter margin as indication
of flutter stability remaining at any airspeed.

more direct proof of its validity by comparison with experi-
ment is appropriate. Three such comparisons are shown in
this section while a fourth is shown in Appendix C where an
unusually simple, approximate technique is discussed. Some
idea of the versatility of the approach can be gained by con-
sidering that the four configurations used in these compari-
sons were quite diverse; one represented flutter of a T-tail,
a second represented flutter of a wing, a third represented
flutter of a stabilizer, while a fourth represented flutter of a
wing carrying a large external store. All of these were multi-
degree-of-freedom systems and, in a rigorous sense, sup-
posedly beyond the applicability of the two-degree-of-
freedom analytical development. (No applicable test data
could be found for any two-degree-of-freedom configuration.)
The comparisons show that in a practical sense, however,
the technique can be applied successfully far beyond its
theoretical limitations. In further support of the versatility
of the technique, detailed configuration information was
either not known or, if known, it was not used; only measured
frequency and decay data were employed.

T-Tail Flutter Model

The frequency and decay data presented in Fig. 6 were ob-
tained in the course of wind-tunnel tests of a T-tail flutter
model. The tests were terminated just short of impending
flutter (in the neighborhood of 305 fps) to avoid model
damage. We shall check two aspects of the technique here,
namely, 1) the validity of the flutter margin as a measure of
the flutter stability remaining at any selected speed, and 2)
the validity of the prediction technique for anticipating the
flutter.

For checking the validity of the flutter margin as an indi-
cator of flutter stability, we shall utilize the full range of the
measured frequency and decay data from zero airspeed to just
short of 300 fps. The flutter margin, calculated from Eq.
(7) with the measured data from Fig. 6, is shown plotted in
the lower half of Fig. 7. The continuous erosion of flutter
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Fig. 8 T-tail flutter model: prediction of flutter onset
from measured data at subcritical speeds.

stability margin is clearly evident even at the very low speeds,
and it is further seen that this parameter provides early
warning of the approaching flutter. To further highlight
the value in using this flutter margin in flight flutter test
programs, the decay data for the unstable mode of Fig. 6 is
replotted directly above the flutter margin. This decay
data, in itself, is quite misleading and seemingly appears to
indicate increasing stability up to about 225 fps: no warning
of the approach to flutter is evident until after this speed.

In demonstrating the prediction aspect of the technique,
we shall assume that wind tunnel testing has progressed only
to about two-thirds the dynamic pressure of flutter onset.
The corresponding flutter margins, plotted against dynamic
pressure, are shown as the open circles in Fig. 8, and a para-
bolic curve shown as a solid line is faired between these data
points. Three points on this curve (two at the extremities
and one in the middle) were used to evaluate the coefficients
#2, BI, and BQ in the flutter prediction equation

F = B0

Having thus evaluated the coefficients, the parabola was
continued out beyond the last data point as the dashed
extension to yield the predicted flutter onset shown by the
solid circle. This corresponds to a predicted flutter onset

MEASURED RESPONSE VS. FREQUENCY AND AIRSPEED

FOR THE UNIFORM WING

Fig. 9 Flutter model wing: response measured during
wind-tunnel flutter tests.

20 30

VELOCITY, MPH

Fig. 10 Flutter model wing: measured frequency and
decay data.

speed of 299 fps which compares well with the flutter speed
of about 305 fps approached in the wind-tunnel tests.

Wing Flutter Model

The data in Fig. 9 was reproduced from Ref. 1 and repre-
sents response data measured during low-speed wind-tunnel
tests of a uniform, rectangular flutter model wing. This
data is replotted in Fig. 10 where the decay rates shown were
computed from the widths of the resonance peaks in Fig. 9.
Using these measured data, we shall again check the validity
of the two phases of the over-all technique, namely, the use
of the flutter margin and the flutter prediction equation.

The flutter margins were computed from Eq. (7) using the
measured data shown in Fig. 10 and are shown plotted
against velocity in the lower half of Fig. 11. [The flutter
margin as expressed in Eq. (7) automatically becomes zero
when one of the decay rates becomes zero, regardless of the
values for the corresponding frequencies or other decay
rate.] As in the previous case for the T-tail, it is again seen
that the flutter margin provides early indications of the ap-
proaching flutter in direct contrast to the misleading damping-
trend taken from Fig. 10 and replotted in the upper half of
Fig. 11.

In checking the prediction phase of the technique, let it be
assumed that the wind-tunnel tests have progressed only to
30 mph, the frequency and decay measurements having been
taken at 0, 10, 20, and 30 mph, as shown in Figs. 9 and 10.
The flutter margins corresponding to these data are shown as
the open circles in Fig. 12, where the margins are plotted
against dynamic pressure. As in the previous case, a para-
bolic curve, shown solid, is faired between the data points.
The coefficients B^ B^ and B0 in the flutter prediction equa-
tion were evaluated using three points on this curve, one at
each extremity and one in the middle. Having evaluated
these coefficients, the parabola was continued out beyond the
last data point as the dashed extension to yield the predicted
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flutter onset speed of 44 mph comparing favorably with the
measured flutter speed of 42.7 mph.

Flight Test of Fighter-Type Aircraft

Frequency and decay data measured in the course of flight
flutter testing of a fighter-type aircraft are presented in Fig.
13. In this particular situation, stabilizer flutter was en-
countered at 520 knots. We shall once again check the
validity of the two phases of the over-all technique, i.e., use
of the flutter margin and the flutter prediction equation.

For checking the validity of the flutter margin as an indi-
cator of flutter stability, the full range of frequency and decay
data up to 500 knots is used. Proceeding as in the previous
cases, the flutter margin computed from this data is shown
plotted against velocity in the lower half of Fig. 14. Here
too, we see clear indications of the smooth, continuous erosion
of flutter stability and the unmistakable warnings of the ap-
proaching flutter. The damping data from the previous
figure is shown replotted in the upper part of Fig. 14 for
contrast.

For checking the validity of the flutter prediction phase,
we shall assume that flight testing has progressed only to
about 360 knots, and, consequently, frequency and decay
data for the higher speeds are not available. On this basis,
only those points shown by the open circles in Fig. 15 can
be obtained. Proceeding in much the same manner as in
the previous case, we evaluate the coefficients Bz, BI, and
#o in the flutter prediction equation from the solid curve
faired through the data points. Having evaluated the
coefficients, the parabola was continued out beyond the last
data point to yield the predicted flutter onset shown by the
solid circle which corresponds to an airspeed of 540 knots.
This compares well with the flutter speed of 520 knots
actually encountered.

DAMPING AS INDICATOR OF FLUTTER

20
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•SMOOTHED .PARABOLA BASED
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Fig. 12 Flutter model wing: prediction of flutter onset
from measured data at subcritical speeds.

At the higher speeds in this example, some compressibility
effects were probably present. However, lacking sufficient
information to account for this, the compressibility effects
were entirely disregarded.

Some Practical Considerations

General

Although experience with this new technique has not yet
been extensive, a sufficient familiarity has been attained to
permit some pertinent remarks regarding the practical ap-
plication of the technique for flight flutter testing. In some
instances, definite suggestions can be made to help assure
a successful test program with this technique. In other
instances, the limited familiarity is sufficient to point out
some possible difficulties but insufficient at this time to sug-
gest all the answers. Over all, however, the technique, even
in its present developmental stage, can be applied with good
reliability for a broad range of practical flight flutter test
programs.

The over-all flutter prediction technique proposed herein
divides itself naturally into two distinct phases, each of which
can be handled separately. The first phase involves com-
putation of the flutter margin from frequency and decay
data measured up to the last test speed and plotting it against
the CL q (or frequently just q) corresponding to this data.
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Fig. 11 Flutter model wing: flutter margin as indica-
tion of flutter stability remaining at any airspeed.

Fig. 13 Stabilizer flutter: measured data from flight
test of fighter-type aircraft.
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Fig. 14 Stabilizer flutter: flutter margin as indication
of flutter stability remaining at any airspeed.

The second phase deals with the aspect of predicting the
manner in which the system flutter margin will vary at test
speeds not yet encountered through the use of the flutter
prediction equation. In practical application to flight flutter
testing, the over-all prediction technique can be employed,
or if desired, only the first phase. Much valuable informa-
tion about the system stability is contained within the first
phase alone as demonstrated in the previous section. It is
subject to -fewer restrictions than the second phase, and it
can still be used as a reliable indicator of flutter stability
in many situations where the validity of the over-all tech-
nique may be in question.

Considerations Applicable to the First Phase

Since the flutter margin is computed in direct fashion
from measured frequency and decay data, its accuracy is de-
pendent to a large degree upon the accuracy of these meas-
ured data. Past experience in flight flutter testing has
clearly indicated that reliable measurements of decay are
difficult to achieve, even with elaborate techniques, whereas
little difficulty has been encountered in obtaining reasonable
frequency measurements. The need for accurate decay data,
however, has been minimized by the form of Eq. (7) for cal-
culation of the flutter margin. As a matter of fact, con-
siderable scatter in decay data would have correspondingly
little effect on the flutter margin.

The validity of the flutter margin, as defined in Eq. (7),
as a true indication of existing flutter stability is subject to
only one restriction, i.e., that flutter of the specific configura-
tion being investigated result from interaction between the
two predominant modes of the system. This imposes no
significant limitation, since the preponderance of flutter cases
falls within this classification. In a practical sense, prior
theoretical studies will most likely precede flight flutter
testing, and the validity of the flutter margin can be judged
from those studies.

Considerations Applicable to the Second Phase

The prediction phase of the over-all technique requires the
evaluation of three coefficients in the quadratic expression
relating the dependence of the flutter margin upon CLaq. A
reliable flutter prediction equation depends upon the accuracy
with which these coefficients are determined. The flutter
prediction phase is not overly sensitive to the accuracy in

- SMOOTHED PARABOLA BASED ON MEASURED DATA

- LAST DATA POINT ASSUMED

FLUTTER PREDICTION EQUATION

F- Bo q -!- BI q + BQ

-ACTUAL FLUTTER ONSET
520 KNOTS

-PREDICTED FLUTTER
ONSET 540 KNOTS

A-PREI
.y ONSE
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DYNAMIC PRESSURE q - PSF

Fig. 15 Stabilizer flutter: prediction of flutter onset
from measured data at subcritical speeds.

determining the coefficients of the linear or constant term
in the flutter prediction equation, but it is highly sensitive
to the coefficient of the quadratic term which reflects the
curvature in the flutter margin plot. For instance, consider
Fig. 16, which is applicable to the T-tail flutter model con-
sidered earlier. At that time, we assumed test data was
available up to about two-thirds of the flutter dynamic pres-
sure for demonstrating the applicability of the flutter pre-
diction aspect. (See Fig. 8.) This is redrawn again in
Fig. 16. Now, however, assume that test data was avail-
able only out to about one-half the flutter dynamic pressure
or, more precisely, to the data point shown at a dynamic
pressure of 48 psf. If only the six data points shown up to
this dynamic pressure were available, the curve faired
through these might easily have been drawn with the upward
curvature shown as against the downward curvature previ-
ously used when we included the next data point. The
coefficients BI and BQ in the flutter prediction equation, F =
B2q2 + Biq + BQ, are not significantly affected whether we
use only six data points or seven. However B2, or really the
influence of #2 in defining the prediction curve, is significantly
affected as indicated. Within the limits of the mutually
measured data points, both curves lie rather close to each
other; they depart considerably only when extended beyond
the last data points. This does not imply that the technique
is incorrect. It does, though, indicate an area of sensitivity
in the application of the prediction technique. This diffi-

T-TAIL FLUTTER MODEL

PREDICTION BASED ON DATA
TO ONE-HALF FLUTTER q

PREDICTION BASED ON DATA
TO TWO-THIRDS FLUTTER q

40 60 80'

DYNAMIC PRESSURE, q - PSF

Fig. 16 Sensitivity of flutter prediction technique for
insufficient data points.
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culty can be circumvented by taking data points at closer
intervals to define a more precise curve, or, preferably, by
re-checking the flutter prediction as additional data is
acquired with increasing dynamic pressure.

Aside from sensitivity, the validity of the flutter predic-
tion equation is subject to somewhat greater restrictions than
the flutter margin in that compressibility effects can tend
to alter the prediction equation from the quadratic form
developed earlier in this paper. In the theoretical develop-
ment of the prediction technique, it was assumed that the
location of the aerodynamic center remained fixed and could
be lumped in with the other configuration constants. Thus,
shifts in aerodynamic center which occur as airspeed traverses
the transonic region would require some modification to the
form of the prediction equation in this region. The quadratic
form again becomes valid for all practical purposes above
the transonic range (where the sizable aerodynamic center
shifts occur), and the technique can be used again in the
supersonic region. The modifications required to obtain a
valid flutter prediction equation in the transonic range have
not been undertaken to date. Some additional comments
on the influence of the aerodynamic center shift are covered
in Appendix B on refinements.

Acquisition of Test Data

An important problem arises in connection with acquiring
the flight data needed for the application of the technique.
Although the data requirements, namely, natural frequencies
and decay rates, are no more extensive than those normally
attained in previous flight flutter test techniques, the reliable
acquisition of this information can pose some difficulty.
This is demonstrated in Fig. 9, where the data shown repre-
sents the response to resonance excitation. Note that, as
the flutter speed is approached, the unstable mode tends to
show a well-defined resonance peak, while at the same time
the other mode tends to lose its identity with any peak re-
sponse. As a matter of fact at 35 mph no peak is discernible
at all. Thus the needed frequency and decay data for this
mode would not be available at speeds of 35 mph and above,
at least not by the usual method of associating resonance
with peak response and damping with the width of the peak.
Even though this behavior in resonance response is typical,
the stable mode does not generally "lose" its identity until
the flutter speed is closely approached, and sufficient fre-
quency and decay data would have been taken to allow for
reasonably reliable application of the flutter margin and
flutter prediction techniques. This can be seen by referring
to Figs. 11 and 12, which are based on this data.

Another possible way out of this difficulty lies in the rela-
tion that exists between the shape of the over-all resonance
response curve for systems possessing more than one-degree-
of-freedom and the associated frequencies and dampings.
It is not necessary that a peak exist for each natural fre-
quency, particularly if damping is large. At any rate we
shall not pursue this further in this paper.

Conclusions

The more significant conclusions that may be drawn are
listed below.

1) The usual decay rates obtained during flight flutter
tests below the critical flutter speed have, in themselves, only
a remote relation to the processes leading to flutter and are
hardly the guide to follow for predicting the progress toward
a fluttering condition. The decay rates have significance
only when they change from positive to negative.

2) A reliable and simple technique for predicting flutter
onset speed based on measured in-flight frequency and decay
data at subcritical speeds is feasible. The technique is based on
the use of a flutter margin which is fundamentally indicative
of the stability processes going on within the system. The

variation of this margin with airspeed clearly shows the
progress of stability degradation all the way from zero air-
speed on up. It varies smoothly with airspeed and is not
subject to sudden and unexpected reversals such as those
that occur with decay rates, particularly in cases of explosive
flutter. The flutter severity to be expected is also indicated.

3) The concepts presented in this paper set forth a basic
foundation upon which an entirely new and practical phi-
losophy of flight flutter testing can be built. Further re-
finements for extending its range of applicability and degree
of reliability are suggested and could be achieved without
undue difficulty.

Appendix A: Details of the Analytical
Development

General

The detailed derivation of the equations which lead to the
flight flutter criteria are developed herein. This appendix
is divided into two subsequent sections. In the first, the
equations of motion for the two-degree-of-freedom bending/
torsion airfoil are derived in a form suitable for subsequent
extraction of the criteria and concludes with the differential
equation describing the system motion. The second section
starts with this differential equation, and from subtleties
contained therein proceeds to the development of the equa-
tions needed for the criteria.

The bending/torsion idealization has been used in de-
veloping the equations of motion to enhance retention of
physical significance. For the purpose at hand, only the
form of the final differential equation has any significance
in the ultimate development of the criteria. A generalized
two-degree-of-freedom idealization and development leads
to the same form of the differential equation.

Equations of Motion

The two-degree-of-freedom bending/torsion idealization is
shown schematically in Fig. 3. All the physical quantities
to be used represent weighted spanwise averages. The
corresponding free body diagram is shown in Fig. 4.

Summing forces, positive down,

mh + khh - (khx)a + L = 0 (Al)

Summing torques, positive nose up,

La + (ka + khx*)a - (khx)h - Mc = 0 (A2)

Aerodynamic forces referred to the center of gravity of the
airfoil are of the form

L = CLaq + a2 - + a, j J
(A3)

Substituting the expression for the aerodynamics, Eq. (A3),
into the equations of motion,

mh + CLaqa2 ( ~ J + khh + CLaqa^ ( y ) +

(CLaqai - khx)a = 0 (A4)

La - (ka

= ° (A5)

Writing these equations in operational form with P repre-
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senting d/dt and performing some algebraic manipulations,
they can be written as

{(!)(¥)

' <">
These two simultaneous differential equations in the un-
knowns h and a can be reduced to a single differential equa-
tion in either of the unknowns using straightforward opera-
tional techniques. If the unknown h is eliminated, we ob-
tain the differential equation for a,

(P4 + A3P3 + A2P2 + AiP + AQ)a = 0 (A8)

The exact expressions for the coefficients A0-A3 are unimpor-
tant for our purpose; only the form or composition are
pertinent. The coefficients AQ-A^ take the form

Ao = Kol(CLaq) + £02

K= AH

A2 =

A3 =

(A9)

where the K's represent configuration constants; they are
employed to distinguish between the dependence of the A's
on configuration from the dependence on airspeed. The
specific expressions for the K's are given below:

mlc

mlc

(A10)

+ 0362

fkh\ ka +
= \ — ] + ———r\mj Ic

m Ic

Flight Flutter Criteria

The resulting pitch motion a is obtained from solution of
Eq. (A8). Since the coefficients A0-A3 depend on airspeed
as well as on configuration, it is to be expected that the re-
sulting pitch motion will also vary with speed. At any
selected speed, however, Eq. (A8) represents a linear differ-
ential equation with constant coefficients whose solution is
of the form

« = Ey =1

where a^ are arbitrary integration constants and s$ are the
four roots of the corresponding characteristic equation

s4 + A3s3 + A2s2 + AlS + Ao = 0 (All)

The roots Sj may be expressed in the complex form

Sj = ftj + iuj

and, since the coefficients of the characteristic equation are
all real, these must occur in the conjugate pairs

Si, 2 = ft ± S.3, 4 = (A12)

Thus the characteristic equation may be written in the alter-
nate form

[s -

[s - (

i'coOHs - (ft -

o2)][« - (ft - tco = 0

Expanding this out and comparing like coefficients with Eq.
(All), we have

A3 = -2(ft + ft)
A2 - (ft2 + CO!2) + (ft2 + C02

2) +

A! = -2[ft(ft2 + co2
2) + ft(ft2 +

A* = (ft2 + CO!2) (ft2 + C02
2)

(A13)

The stability boundary is the point at which one of the
real parts ft of the solution becomes zero. Setting one of
the ft's equal to zero in Eqs. (A13) gives the following familiar
relationship between the coefficients of the characteristic
equation at the stability boundary (flutter onset) :

A2(Ai/A3) - (Ai/As)2 - Ao = 0 (A14)

For subsequent use, this is written in the preferable form

T/A2\2 "I [A, Ail2 •
[(2) - A° J - U ~ IsJ = °

It will be convenient to define a variable function of
the relation

f
by

- [f -
which varies with d,ag because of the dependence of the A's
on CLaq, Eq. (A9). At flutter onset, i.e., when (CL(xq) is
equal to ( C L q ) f ,

Ff = F(CLo)f = 0 (A17)

by virtue of Eq. (A15). Otherwise, F(CLaq) will be nonzero.
A more direct indication of how F varies with (CLag) is

readily obtained by introducing the A's denned by Eq. (A9)
into Eq. (A16). This results in an expression of the form

F = Bz(CLa

where the coefficients are

(A18)

- 2
(A19)

Equation (A18), expressing a parabolic variation of F with
(CLaq)j will be referred to as the "flutter prediction equa-
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Fig. 17 Oscillatory flow correction for CLCC*

tion" whereas F itself will be referred to as the "flutter mar-
gin.77 The complex dependence of the B coefficients upon spe-
cific configuration parameters is of no concern for the purpose
at hand, as will be seen in the subsequent development. The
B coefficients need not be computed from design details of
the specific configuration being flight tested. These may be
evaluated more readily (and, incidentally, more reliably) in the
early stages of flight flutter testing at the lower speeds. The
manner in which this is accomplished is developed in the
next paragraph.

Let us return again to Eq. (A16). In the previous para-
graph we replaced Ao-As by their equivalents in terms of
configurations constants and (Cz,ag), as reflected by Eq.
(A9), in order to arrive at the parabolic variation of F with
(CLaq)> But the flutter margin F can also be expressed in
terms of frequencies and decay rates that could be measured
in flight. The relation between F and such measured flight
data can be readily obtained by substituting into Eq. (A 16)
the alternate expressions for AQ~A3, Eq. (A13), thus intro-
ducing the dependence upon frequencies and decay rates.
The expression for the flutter margin then becomes

F =

With further manipulating, this can be expressed in more
compact form as

F = 1 -

(A21)

This latter form, however, is overly sensitive to errors in decay
measurements, and consequently will be bypassed in favor
of Eq. (A20). At flutter onset, either ft or ft is zero, and
it can be seen from Eq. (A20) or (A21) that F also becomes
zero at flutter onset as indeed it should.

Equations (A 18) and (A20) form the basis of the flight
flutter prediction technique used in this paper.

Appendix B: Refinements to the Basic
Approach

As indicated earlier in this paper, some detailed effects had
been purposely avoided in the interest of clarity in presenting
the basic concepts of a new flight flutter testing technique.

This appendix discusses some detailed effects previously
avoided.

Oscillatory Flow Correction of CL^

The parabolic relationship developed between the flutter
margin F and the product (CL<xq) implies that F can vary
with a change in CL as well as q. Consequently, the product
(CL q) must account for the possibility that CL niay vary in
the flight test program as well as q. The variation of CLU due
to steady compressible aerodynamic effects can be accounted
for in a reasonably straightforward manner employing either
steady flow theory or experimental data, or both. A rather
simple, but effective method of accounting for oscillatory flow
effects on CL was suggested by Pines in Ref. 2. This cor-
rection is shown plotted in Fig. 17 as a function of the reduced
frequency dai/2V where d would represent the averaged air-
foil chord. The correction simply amounts to multiplying
the steady flow CL by the ordinate for the applicable re-
duced frequency. Normally this correction has only a slight
effect on the results.

Mechanical Damping Effects

The equations of motion, Eq. (1), used in developing the
basic approach did not include any terms accounting for me-
chanical damping in the system. This has no effect on the
determination of the flutter margins from measured fre-
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Fig. 18 Effect of significant mechanical damping.
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Fig. 19 Variation of flutter margin in subsonic, transonic,
and supersonic flight regimes.

quencies and decays, Eq. (7), or on the validity of the flutter
margin as a reliable indication of flutter stability for the
corresponding speed. It does not affect the idea of a flutter
prediction equation; it merely changes it from a quadratic
expression in dynamic pressure to a sixth-order expression in
velocity. These effects are indicated in Fig. 18 for a hypo-
thetical theoretical configuration possessing a significant
amount of mechanical damping. The theoretical frequencies
and decays for this configuration are shown plotted against
q in the two upper graphs of Fig. 18. The flutter margins
computed from these data via Eq. (7) are shown in the lower
graph. It is seen that the flutter margin, even in this case
with considerable mechanical damping, is still a reliable guide
for indicating the progress toward flutter. The quadratic
form of the flutter prediction equation, derived on the basis
of no mechanical damping, would not be too good for this
case.

A prediction equation of sixth-order in velocity would show
better agreement here, although this is not actually shown
in the figure.

Compressible Flow Aerodynamic Effects

Compressible flow aerodynamic effects on CLU and aero-
dynamic center can have a pronounced influence on the ap-
plication of the flight flutter approach presented herein.
The method of accounting for compressibility effects on
CL(X is straightforward and has already been indicated else-
where in this paper.

Compressibility effects on aerodynamic center, however,
have a less obvious influence on the application of the tech-
nique. In the analytical development of the basic technique,
it was assumed in Eq. (2) for the aerodynamic moment that
the coefficients 61-63 were constants. This assumption per-
mits the subsequent development of the quadratic expression,
Eq. (8), for the variation of flutter margin with CL q° Siz-
able aerodynamic center shifts, such as occur in the transonic
region, are not compatible with this assumption, and taking-
account of the corresponding variations in these coefficients
would result in a more complex expression for the flutter
margin variation. In a practical sense the quadratic form
of the flutter prediction equation is satisfactory in the subsonic
and supersonic regions but is grossly inadequate in the
transonic region. Aerodynamic center shifts have no in-
fluence on Eq. (7) for calculating the flutter margin from
flight measurements of frequencies and decays,

Figure 19 illustrates a typical variation of flutter margin
with CLaq for a hypothetical flight program penetrating
deeply into the supersonic region. Below the transonic re-
gion the variation would follow the quadratic flutter predic-
tion equation developed in the basic technique; in the super-

sonic region, where aerodynamic center shifts are small, the
variation would again be essentially quadratic. In this re-
gion the quadratic flutter prediction equation can again be
employed for anticipating the approaching flutter. The
technique is similar to that employed elsewhere in this paper
for the subsonic cases except that only the supersonic data
points are to be used for evaluating the coefficients B%, Bi, and
Bo-

The prediction phase of the technique for configurations
which may flutter in the transonic region has not as yet been
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Fig. 20 Comparison between approximate and
techniques.

exact

developed. Although the applicable flutter prediction equa-
tion would undoubtedly be more complex, the practical
development of such an equation should be within the realm
of possibility. It would have to take into account theoretical
or experimental information for expressing the transonic
variation of aerodynamic center.

Appendix C : Approximate Flutter Test
Criteria

In view of the fact that past flight flutter test programs
have for the most part emphasized the importance of the decay
or damping aspects, it might appear paradoxical that the be-
havior of the system frequencies is a more direct indication
of the stability processes going on within the system than the
damping behavior. There is a certain logic behind this state-
ment, such as that in Ref. 3, but we shall not dwell on the
details of this logic here. This logic leads to the approxi-
mate flutter prediction equation

[(co2
2 - (Cl)

Comparing this equation with Eqs. (7) and (8), it is seen that
the approximation simply amounts to dropping all terms in
the expression for the flutter margin F in Eq. (7) except for
the first term [(co2

2 — coi2)/2]2. That this term is predomi-
nant by far can be seen in Fig. 20, where the complete flutter
margin based on Eq. (7) is compared with the approximation
based on frequencies alone. Although this is shown only
for the experimental flight data previously considered,
comparisons had been made with other sets of data which
also substantiate the validity of the approximation. Thus
the frequency expression may be regarded as an approximate
flutter margin, i.e.,

F g* [(co2
2 - (C2)

The extreme simplicity of Eqs. (Cl) and (C2) make them ideal
for rapid, on-the-spot monitoring of the progress of a flight
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Fig. 21 Flutter model wing with external tank: approxi-
mate technique.

flutter test program and can give early indications of the rate
of loss of flutter margin with increasing speed.

In Fig. 21 the approximate criterion has been applied to
test data taken during wind-tunnel flutter tests of a model

wing carrying a large underslung external tank. The circled
points were calculated in accordance with the approximation
of Eq. (C2) using the measured frequency data up to the last
point shown. The analytical extension of this curve, shown
dashed, was computed in accordance with the parabolic re-
lation of Eq. (Cl) using the previously described technique
for determining the coefficients B2, Bly and B0. The predicted
flutter speed of 530 fps differs by only 10 fps from the meas-
ured model flutter speed. Although the agreement is good
here, flutter prediction based on the approximate technique
should be used with a degree of caution, since it is known that
the damping effects do have some influence on the exact
flutter margin. It has been the authors7 experience that the
accuracy of the approximate technique is somewhat insuffi-
cient for configurations prone to mild flutter, good for con-
figurations prone to moderate flutter, and very good (when
it counts most) for configurations prone to violent flutter.
At any rate, it is recommended at this time that the ap-
proximate technique be limited primarily to on-the-spot
monitoring of the progress of a flight flutter test program
for the purpose of observing loss of flutter margin up to the
last measured test point; any prediction, if based on the
approximate criterion, should not be extended too far beyond
the last previous flight test point. Perhaps its most im-
portant role would be in providing a clear-cut early warning
of an approaching violent flutter.
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